Recently, in his paper [7] one of the authors has presented several generalized normal basis theorems for a division ring extension, which contain as special cases the normal basis theorems given in [1] by Kasch (provided for division ring extensions). One of the purposes of this paper is to extend his results to simple rings. In \S 1, we shall prove those extensions, and add a decision condition for a normal basis element in a strictly Galois extension of a division ring, which is well-known in commutative case. Next, in \S 2, we shall treat exclusively an F-group of order $p^{e}$ in a simple ring, and consider the relations between the extension dimension over the fixed subring and the order of the F-group. The principal theorem of \S 2 is an improvement of the result stated in [8] for a DF-group. As to notations and terminologies used in this paper, we follow [3] and [5] . \S 1. The following lemma has been given in $[7]^{1)}$ , and will play a fundamental role in our present study. Lemma 1. Let
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(i) $M$ is T-projective if and only $\iota f$ it is T-isomorphic to a direct sum of submodules each of which is Tisomorphic to a directly indecomposable direct summand of $T$ . and $\mathfrak{H}A_{r}=\oplus_{i,\lambda}x_{\lambda r}N_{r}\sigma_{i}=\oplus_{\lambda}x_{\lambda r}(\mathfrak{H}N_{r})$ , so that $\{x_{\lambda r} ; \lambda\in\Lambda\}$ is a right $\mathfrak{H}N_{r}$ -basis of $\mathfrak{H}A_{r}$ .
(ii) As $\mathfrak{H}A_{r}=\oplus_{1}^{m}\sigma_{i}A_{r},$ $\mathfrak{H}N_{r}=\oplus_{1}^{m}\sigma_{i}N_{r}$ of course. So that, the rest of the proof is the same with the last part of (i). Case I. $l=1$ : Let $\{vl'\cdots, v_{m}\}$ be a C-basis of $V$ Then, $V\neq C$ yields $m>1$ . We shall distinguish further between three cases:
(i) $CQ_{=}^{-}N$ : As is readily verified, Case II. $l>1$ : Evidently, $\{1, f_{pq}=1-q_{pq}(p, q=1, \cdots, l;p\neq q)\}(\underline{\subset}V)$ is linearly independent over $C$ , and similarly in case
Noting that $V_{\cap}N$ is then a field contained in the center of $V$ , it is clear that no non-diagonal elements of $V$ are contained in $N$ Now, we shall complete our proof by distinguishing between two cases: (i) $V$ is not of characteristic 2: In this case, every $1+f_{pq}$ is. in $V$ and
with $f_{p}\not\in N$ The following example will show that the assumption $V\neq(GF(2))_{2}$ is indispensable in Lemma 3.
induce the Galois group 2) The assumption $V\neq(GF(2))_{2}$ is needed only to secure In the rest of this paper, we use the following conventions: $A$ is a simple ring with the center $C$ , and $\mathfrak{H}$ an F-group of $A$ of order $p^{e}(p$ a prime). We set $B=J(\mathfrak{H}, A)$ , that is a simple ring by [3, Lemma 2] . And, 3) By the way, we should like to note here a typographical error in the proof of [8, , it is necessary and $su$ fficient that $V/C$ is primitive. Proof. As is then a DF-group of order $p^{e+1}$ with $J(\mathfrak{H}_{2}, A)=B$ .
